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Abstract

The deterministic kernel modifications proposedvbgng and Gore (1969), Meissl (1971),

and Vanicek and Kleusberg (1987) have been implézdeim the one-dimensional fast

Fourier transform (1D-FFT) approach to geoid deteation. Comparisons with discrete

geoid heights provided by Global Positioning Systamd Australian Height Datum data in

Western Australia illustrate consistent improversemhen using spherical integration caps
in conjunction with a modified kernel.

I ntroduction

In the mid 1980s, the fast Fourier transform (FB&yan to find wide-spread use in geoid
determination because of its efficient evaluatiboanvolution integrals, when compared to
classical numerical integration. For many yedrs,glanar, two-dimensional FFT was used
(eg. Schwarzet al. 1990). Strang van Hees (1990) then introducedsibherical, two-
dimensional FFT. However, both of these FFT apgrea are subject to approximation
errors, the most notable of which is the simplifima of Stokes’s kernel. Therefore,
Forsberg and Sideris (1993) proposed the sphemealti-band FFT, which reduces the
impact of the simplified kernel. Haagmaeisal (1993) then refined this approach to give
the spherical, one-dimensional FFT, which requimessimplification of Stokes’s kernel.
Ironically, the 1D-FFT approach is a combinatiortied FFT and numerical integration, but
is indisputably faster than numerical integratitona.



Regional gravimetric determinations of the geaahg the FFT often convolve the whole
rectangular grid of gravity anomalies with the S#®kkernel. Conversely, geoid
determinations using numerical integration convak&dual gravity over a spherical cap of
constant radiusy(y) about each computation point with Stokes’s kern&Vhether the
integration is performed over a spherical cap erwinole data area, this still represents an
approximation of Stokes'’s integral. Each approaegults in a truncation error due to the
neglect of the residual gravity anomalies in theagte zones outside the integration domain.
This truncation error is commonly neglected duripgactical geoid computations,
particularly when using the fast Fourier transfoapproach (eg. Schwart al 1990).
However, such an assumption is not strictly vakdduse neither the integration kernel nor
the residual gravity anomalies are necessarily aatside the integration domain.

Instead, the impact of this truncation error sddu reduced through a modification to
Stokes’s integration kernel. Several authors hanmposed reductions of the truncation
error in numerical integration over a spherical .caphese include deterministic kernel
modifications (eg. Molodenskst al. 1962, Wong and Gore 1969, Meissl 1971, Vanicek and
Kleusberg 1987) and stochastic modifications (egn¥¢l 1982, Sjoberg 1991, Vanicek and
Sjoberg 1991). Kernel modification methods haveoabeen proposed to reduce the
truncation error for integration areas other thaspherical cap (eg. Neymaat al 1996,
Zelin and Zoufa 1992).

Thedeterministic kernel modifications
Wong and Gore (1969)

Wong and Gore (1969) and Vanicek and Kleusberg {L@8opose to remove the low-
degree Legendre polynomials from Stokes’s kernbiclvalso reduces the magnitude of the
truncation error. This will be called the Wong a&adre kernel, and is given by
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whereP(AMN) are Legendre’s polynomials along the parallaised in the 1D-FFT, and is
the degree of spheroidal modification to the ind#ign kernel.

If the Stokesian convolution is performed over titeole sphere using the Wong and
Gore kernel, the orthogonality relations dictatat tthe result is identical to that achieved
when the low frequencies £n < M) are removed from the kernel, the gravity anonsaloe
both. However, when the integration is performedra limited area, as is the case in any
regional geoid determination, the Wong and Gorendleonly acts as a partial filter.
Therefore, if the degrees of kernel modificatidd) (and geopotential model) are
different, different results can be expected.

Meissl (1971)

Meissl's (1971) kernel modification simply subtmdhe value of Stokes’s kernel at the
truncation radius from the kernel. Thus, the Médissnel is

Sne() = SY)— F¢,) for O0sDA<Ypo . 2)



This modification causes the Fourier series ofttbacation error to converge to zero more
rapidly, and can be proven by applying Green’s sdddentity (eg. Jekeli 1981).

Vanicek and Kleusberg (1987)

Vanicek and Kleusberg (1987) and Vanicek and S@p#®91) apply theory similar to that

used by Molodenskgt al. (1962) to Eq. (1). This modification gives

S™ (A1) = S(AM) - %2”2”
n=2

where the coefficient, in Eq. (3) are analogous with the spherical trtinoacoefficients

Qn defined by Molodenskgt al. (ibid.), and are given by Vanicek and Sjobebid() as:
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where the coefficients, can be computed using the recursive relationsaaf @973).

Comparison of Modified 1D-FFT Resultswith GPS at AHD Benchmarks

In this investigation, the deterministic kernel nimations in Eqgs. (1), (2) and (3) were
implemented in the 1D-FFT computer software dewatbjpt the University of Calgary
(Sideris 1994). The stochastic kernel modificatiavere not considered because accurate
estimates of the errors in the terrestrial gradeya are not currently available. In order to
prevent the whole grid of gravity data being usedrd) the 1D-FFT geoid computation, the
kernel was set to zero outside the cap radjgs lfefore being transformed to the frequency
domain. Similarly, each modified kernel was congpubefore its transformation to the
frequency domain. As is customary, the 1D-FFT deesults were compared with Global
Positioning System (GPS) and optical levelling dataletermine if any improvements are
made when utilising integration caps and modifiethkls.

All geoid computations were conducted on a 5’ bgril over an area bound by &g
<13S and 11ZE<A<13YE, which completely covers Western Australia. Tagestrial
gravity data used comprise simple 5’ by 5° meanshefvalidated Australian gravity data-
base (Featherstoret al 1997), supplemented with marine gravity anomatiesved from
combined satellite altimeter missions (Sandvetllal 1995). These free-air gravity data
were reduced by thie=360 expansion of EGM96 (Lemoim¢ al 1997), then gridded using
splines in tension (Smith and Wessel 1990). Diglavation models were not used in the
computations because the direct and indirect effettthe terrain are known to be small
over most of Western Australia (Zhang and Featbeest1997). The 1D-FFT geoid
solutions, computed using various cap-radii and ifremtl kernels, were interpolated and
compared with 65 discrete geoid heights from Westerstralian GPS networks (Morgah
al. 1996, Stewaret al 1997) co-located with optically levelled heiglais the Australian
Height Datum (AHD). The results are shown in Tdhle



Table 1. Statistical fit of the modified 1D-FFT érair co-geoid models
to 65 discrete GPS-AHD geoid heights in Westerntdalia (units in metres).

kernel degree| (,(°) | max. | min. | mean| std | rms
EGMO96 only L=360 n/a 1.831 -0.25% 1.024 0.345 1.480
Stokes n/a 0.25| 1781 -0.831 1.064 0.376 119
“ “ 0.50 | 1.711| -0.660 1.051 1.115
1.00 | 1.904| -0.632 1.044 1.1p2
150 | 2.127| -0.669 1.047 1.186
2.00 | 2.251| -0.564 1.04% 1.141
30.00 | 2.291| -0.438 1.179 1.2f6
Wong and Gore | M=360 0.25 1.823 -0.538 1.03 1.487
“ “ 0.50 | 1.851| -0.603 1.034 1.094
1.00 | 1.834| -0.626 1.03% 1.097
150 | 1.826| -0.636 1.03% 1.097
2.00 | 1.821| -0.629 1.036 1.098
30.00 | 1.823| -0.631] 1.03 1.1p0
Wong and Gore | M=36 0.25 1.78 -0.79¢ 1.05 1.114
“ “ 0.50 | 1.733| -0.669 1.04 1111
1.00 | 1.709| -0.643 1.04% 1.110
150 | 1.770| -0.660 1.04% 1.112
2.00 | 1.768| -0.658 1.045 1111
30.00 | 1.771| -0.61Y3 1.07 1.1410
Meissl n/a 0.25 1.811 -0.624 1.01 1.096
“ “ 0.50 | 1.777| -0.685 1.046 1.195
1.00 | 1.732| -0.648 1.04% 1.106
150 | 1.746| -0.659 1.04% 1111
2.00 | 1.849| -0.646 1.044 1.114
30.00 | 2.266| -0.464 1.15 1.1p5
Vanicek/Kleusberg M=36 0.25 1.784 -0.798 1.05 1.115
“ “ 0.50 | 1.730| -0.668 1.05 1111
1.00 | 1.752| -0.641 1.04% 1.112
150 | 1.873| -0.663 1.046 1.118
2.00 | 1.933| -0.627| 1.044 1.119
30.00 | 2.146| -0.537 1.10 1.1p2

In Table 1, a ~1m bias exists between the resdtase the zero-degree term in the
gravimetric geoid has been considered (Kirby anathiezstone 1997), and there is a ~0.7m
separation between thg=constant geoid and the AHD (Rapp 1994). It is nmteresting
to note that the inclusion of the Australian antbKite altimeter gravity data often degrades
the standard deviations of the agreements witt68heontrol points. This effect becomes
more pronounced with increasing cap-radius, amdast probably due to a combination of:



errors in the satellite altimeter and Australiaavity data, improper gridding using only

free-air anomalies, the neglect of terrain effeats] errors in the control data through the
GPS observations or distortions in the AHD in WestAustralia. Nevertheless, as this
investigation is only concerned with the relativerits of using caps and modified kernels
in the 1D-FFT, the exact origin or removal of thes®rs becomes immaterial.

The computations utilised cap-radii ranging fron23 (the Nyquist frequency of
EGM96) to 2 (the minimum radius from the edge of the data areha control point). A
cap-size of 3Dhas also been specified so as to allow the whaleity data grid to be used
by way of comparison. The most striking observai®that the use of a cap in the 1D-FFT
improves the standard deviation of the comparismres those achieved when using the
whole data area (eg. 0.372m 9§=0.5" versus 0.491m for the whole grid). This clearly
illustrates that it is preferable to implement ii2-FFT with a limited spherical cap.

These improved results are achieved becausentitedi spherical cap filters out some of
the effects of the errors in the Australian grawdsta in remote areas, where they start to
have a detrimental effect on the geoid solutiorhisTobservation also applies to the three
deterministically modified forms of Stokes’s kernéVloreover, the modified kernels yield
improved agreements over the unmodified Stokesekdéon each cap-radius. This indicates
that it is preferable to use a limited sphericg ead a modified integration kernel in 1D-
FFT geoid computations. Indeed, this approach m#ie spectral and spatial approaches to
geoid computation even more similar, but with tlieeaation of computational efficiency
offered by the Fourier-based methods.

Lastly, theM=36 andM=360 spheroidal modifications have been used f®MWong and
Gore kernel in order to illustrate the (partialyjtinipass filtering effect of a high degree of
spheroidal modification. Th&I=360 modification gives slightly better agreemethtn the
M=36 kernel because it filters out most of the medftequency errors from the Austraian
gravity field. Note also that the statistics o ttifferences in Table 1 are weakly dependent
on the cap-radius for th=360 modification. This is because the modificatie a more
efficient high-pass filter than a limited sphericab.

Conclusions

From these preliminary geoid results over Westeustralia, it is clear that spectral geoid
computations should use a spherical cap of limie@nt instead of the whole gravity data
grid. This causes the FFT approach to more claséhyic numerical integration. The use
of a limited spherical cap also acts as a (partiah-pass filter, and thus removes the
detrimental effects of erroneous gravity data. &bwer, small but consistent improvements
are observed when a deterministically modified grdéion kernel is also used. This is
because the kernel modification reduces the trioca&rror associated with performing the
convolution over a limited area. Therefore, itasommended that limited integration caps
and modified kernels are used in future spectraidgdeterminations.
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